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Abstract 



For the L 2 supercritical generalized Korteweg-de Vries equation, we proved in [2] the 
existence and uniqueness of an iV-parameter family of 7V-solitons. Recall that, for any N 
given solitons, we call JV-soliton a solution of the equation which behaves as the sum of these 
' N solitons asymptotically as t —¥ +00. In the present paper, we also construct an iV-parameter 

family of iV-solitons for the supercritical nonlinear Schrodinger equation, in dimension 1 for 
the sake of simplicity. Nevertheless, we do not obtain any classification result; but recall that, 
i^h ' even in subcritical and critical cases, no general uniqueness result has been proved yet. 

1 Introduction 

1.1 The nonlinear Schrodinger equation 

^ ! 

We consider the L 2 supercritical focusing nonlinear Schrodinger equation in one dimension: 

^! Ud t u + dtu+\u\^u = Q, 

q\ \u(0) = u £H l (R), 

' where (t,x) £ R 2 , p > 5 is real, and u is a complex- valued function. Recall first that Ginibrc 

and Velo [B] proved that (|NLS[) is locally well-posed in for p > 1: for any uq £ H 1 (M.), 

there exist T > and a unique maximal solution u £ C([0, T), i/ 1 (R)) of (jNLSp . Moreover, either 
T = +00 or T < +00 and then lim^T Hc'^WIIl 2 = +°°- It is also well-known that H 1 solutions 
y\ ' of (|NLS[) satisfy the following three conservation laws: for all t £ [0, T), 

M(u{t)) = I \u(t)\ 2 = M(u ) (mass), 
1 /•,_ 1 



E{u(t)) = -J \d x u(t)\ 2 K*)I P+1 = E(u ) (energy), 

P(u(t)) — lm d x u(t)u(t) = P(uq) (momentum). 



Recall also that (|NLS[) admits the following symmetries. 

• Space-time translation invariance: if u(t, x) satisfies (|NLS[) . then for any to, xq £ K, w(t, x) — 
u(t — t ,x — x ) also satisfies (|NLS|) . 

• Scaling invariance: if u(t,x) satisfies (|NLS|) . then for any A > 0, w(t, x) — X~u(X 2 t,Xx) 
also satisfies (INLSp . 
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• Phase invariance: if u(t, x) satisfies (|NLS|) . then for any 70 G R, w(t,x) = u(t,x)e 110 also 
satisfies (jNLSj) . 

• Galilean invariance: if u(t,x) satisfies (|NLS|) . then for any vq E R, w(t,x) = u(t,x — 

v 2 

v t)e^ x -^ also satisfies dNLSl) . 

We now consider solitary waves of (jNLSp . in other words solutions of the form u(t,x) = 
e lCot Q Co (x), where c > and Q CQ is solution of 

Q co >0, Q^eH'iR), Q'; + Q p Co = c Q C0 . (1.1) 

Recall that such positive solution of (jl.lj) exists and is unique up to translations, and is moreover 
the solution of a variational problem: we call Q Co the solution of p.l[) which is even, and we 
denote Q :— Q\. By the symmetries of (|NLS[) . for any "f ,v ,x e R, 

is also a solitary wave of (|NLS[) . moving on the line x = vot + xq, that we also call soliton. 

Finally recall that, in the supercritical case p > 5, solitons are unstable (see [S])- A striking 
illustration of this fact is the following result of Duyckaerts and Roudenko [5] (adapted from a pre- 
vious work of Duyckaerts and Merle jj), obtained for the 3d focusing cubic nonlinear Schrodinger 
equation (NLS-3d), which is also L 2 supercritical and H 1 subcritical as in our case. 

Proposition 1.1 ([5]). Let A G R. If to — to(A) > is large enough, then there exists a radial 
solution U A G C°°([t , +00), H°°) of (NLS-Sd) such that 

Vb e R,3C> 0, Vi ^ t , \\U A (t) - e lt Q - Ae^- e °^Y+\\ Hh s; Ce~ 2eot , 

where eo > and Y + ^= is in the Schwartz space S. 

In particular, U A (t) ^ e lt Q if A ^ 0, whereas lim f ^ +00 \\U A (t) - e lt Q\\ Hl = 0. Note that, 
in the subcritical and critical cases p ^ 5, no such special solutions U A (t) can exist, due to a 
variational characterization of Q. Indeed, if \im t ^ +OQ \\u(t) — e lt Q\\ H1 = 0, then u(t) = e lt Q in 
this case. The purpose of this paper is to extend Proposition II . II to multi-solitons. 

1.2 Multi-solitons 

Now, we focus on multi-soliton solutions. Given 47V parameters defining N ^ 2 solitons with 
different speeds, 

«!<•••< v N , ci, . . . ,c N e M* + , 7i,...,7jv eR, xi,...,x N eR, (1.2) 

we set 

N 

Rj(t)=Rc jnj , Vj<Xj (t) and R(t)=^ i R j (t), 

j'=i 

and we call TV-soliton a solution u(i) of (|NLS|) such that 

- R(t)\\ H i — > as t^+oo. 
Let us recall known results on multi-solitons. 

• In the L? subcritical and critical cases, i.e. for l|NLS[) with p ^ 5, there exists a large 
literature on the problem of existence of multi-solitons and on their properties. Merle [13] 
first established an existence result in the critical case, as a consequence of a blow up result 
and the conformal invariance. This result was extended by Martel and Merle [TU] to the 
subcritical case, using arguments developed by Martel, Merle and Tsai [TT] for the stability 
in H 1 of solitons. Nevertheless, we recall that no general uniqueness result has been proved, 
contrarily to the generalized Korteweg-de Vries (gKdV) equation (see [5]). 

For other stability and asymptotic stability results on multi-solitons of some nonlinear 
Schrodinger equations, see [151 IT41 H5] . 
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• In the L 2 supercritical case, i.e. in a situation where solitons are known to be unstable, 
Cote, Martel and Merle [5] have recently proved the existence of at least one multi-soliton 
solution for (jNLSj) : 

Theorem 1.2 ([3J). Let p > 5 and N ^ 2. Let v 1 < ■ ■ ■ < v N , (a,...,c N ) € (M* + ) N , 
(7i,...,7jv) € and (x% , . . . , Xn) € M. N . There exist Tq £ R ; C, cto > 0, and a solution 
ip G C([T , +oo), J H" 1 ) of dNTSl) such that 

Vt € [T , +oo), ||p(t) - fl(i)|| ffl < Ce-^K 

Recall that, with respect to [TOIITT], the proof of Theorem l 1 . 2l relies on an additional topological 
argument to control the unstable nature of the solitons. Finally, recall that Theorem 11.21 was also 
obtained for the L? supercritical gKdV equation, and has been a crucial starting point in [5] to 
obtain the multi-existence and the classification of multi-solitons. It is a similar multi-existence 
result that we propose to prove in this paper. 

1.3 Main result and outline of the paper 

The whole paper is devoted to prove the following theorem of existence of a family of multi-solitons 
for the supercritical (|NLS[) equation. 

Theorem 1.3. Let p > 5, N ^ 2, v\ < ■ ■ ■ < v N , (a,...,c N ) 6 (R+) Ar , (71,..., 7jv) G R W and 
(xi, ... ,x N ) G R N . Denote R = Ylj=\ Rcj.uww 

Then there exist 7 > and an N -parameter family ((pA!....,A N )( Al A N )eR N °f s °l u ti° ns 
of (jNLSp such that, for all (Ai, . . . , An) £ M. N , there exist C > and to > such that 

Vt>t 0j \\<p Al ,...,AAt) -R(t)\\m ^5 Ce~ 7 *, 
and if (A[, . . .,A' N ) ^ (Ax, . . .,A N ), then ifiA' 1: ...,A' N ^ 1 Pa u ...,a n - 

Remark 1.4. As underlined above, the question of the classification of multi-solitons is open for 
the (jNLSp equation, even in the subcritical case, while it was obtained in [5] for the supercritical 
gKdV equation, and in [U] for the subcritical and critical cases. Although we expect that the family 
constructed in Theorem 11.31 characterizes all multi-solitons, the lack of monotonicity properties 
such as for the gKdV equation does not allow to prove it for now. 

The paper is organized as follows. In the next section, we briefly recall some well-known 
results on multi-solitons and on the linearized equation. One of the most important facts about 
the linearized equation, also strongly used in [3] , is the determination of the spectrum of the 
linearized operator C around the soliton e lt Q (proved in [TOj and [7]): a(£) n R = {— eo, 0, +eo} 
with e > 0, and moreover eo and — eo are simple eigenvalues of C with eigenfunctions Y + and 
Y~. Indeed, Y ± allow to control the negative directions of the linearized energy around a soliton 
(see Proposition 12. 4p . Moreover, by a simple scaling argument, we determine the eigenvalues of 
the linearized operator around e lCjt Q Cj , and in particular ±ej = ±c^ 2 eo are simple eigenvalues 
with eigenfunctions Yjj (see Notation 12.71 for precise definitions). 

In Section[31 we construct the family {fA 1 ....,A N ) described in Theorcm ll.3l To do this, we first 
claim Proposition 13.11 which is the key point of the proof of the multi-existence result as in [2] , 
and can be summarized as follows. Let ip be a multi-soliton given by Theorem ] 1. "A j € [1, NJ and 
Aj € R. Then there exists a solution u(t) of (jNLSp such that 

\\u(t) - <p(t) A je -^Y+(t)\\ Hl < e -fe+^, 

for t large and for some small 7 > 0. This means that, similarly as in [S] for one soliton, we can 
perturb the multi-soliton tp locally around one given soliton at the order e~ Ejt . Since it is not 
significant to perturb ip at order e^ before order e^ if ej > e^, the construction of <pai,...,a n has 
to be done following values (possibly equal) of ej . 
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Finally, to prove Proposition l3.il wc follow the strategy of the proof of the similar proposition 
in [2], except for the monotonicity property of the energy which does not hold for the (jNLSj) 
equation. If this property of monotonicity was necessary to obtain the classification, we prove 
that a slightly different functional estimated regardless its sign is sufficient to reach our purpose. 
We also rely on refinements of arguments developed in 3 , in particular the topological argument 
to control the unstable directions. 

2 Preliminary results 

Notation 2.1. They are available in the whole paper. 

(a) We denote d x v = v x the partial derivative of v with respect to x. 

(b) For ft G C, we denote hi = Re/i and h 2 = Im/i. 

(c) For f,g S L 2 , (f,g) = KeJfg denotes the real scalar product. 

(d) The Sobolev space H s is defined by H S (R) = {u E V'(R) \ (1 + £ 2 ) s/2 w(£) G L 2 (R)}, and in 
particular ff x (M) = {116 i 2 (M) | \\u\\ 2 Hl = \\uf L3 + \\d x uf L3 < +00} ^ L°°(R). 

(e) If a and b are two functions of t and if b is positive, we write a = 0(b) when there exists a 
constant C > independent of t such that \a(t)\ ^ Cb(t) for all t. 

2.1 Linearized operator around a stationary soliton 

The linearized equation appears if one considers a solution of (|NLS|) close to the soliton e %t Q. 
More precisely, if u(t, x) — e lt (Q(x) + h(t,x)) satisfies (|NLS[) . then h satisfies d t h + Ch — 0(h 2 ), 
where the operator L is defined for v — v\ + iv% by 

Cv — —L-V2 + iL + vi, 

and the self-adjoint operators L + and L_ are defined by 

L + vi = ~d^vi + vx — pQ p ~ 1 vi, L^v 2 = —d%V2 +v 2 - Q p ~ 1 v 2 . 

The spectral properties of £ are well-known (see [TB] for instance), and summed up in the 
following proposition. 

Proposition 2.2 ([3 US])- Let <r(C) be the spectrum of the operator C defined on L 2 (M.) x L 2 (R) 
and let a css (C) be its essential spectrum. Then 

a css (C) = {i£ ; £ e R, |f| > 1}, <r(£) n R - {-e , 0, +e } with e > 0. 

Furthermore, eo and —eg are simple eigenvalues of C with eigen) 'unctions Y + andY~ = Y + which 
have an exponential decay at infinity. Finally, the null space of C is spanned by d x Q and iQ, and 
as a consequence, the null space of L + is spanned by d x Q and the null space of L_ is spanned 
by Q- 

Remark 2.3. By standard ODE techniques, we can quantify the exponential decay of Y^ 1 and 
dxY^ 1 at infinity. In fact, there exist rjo > and C > such that, for all i£l, 

1^(^)1 + 19x^(^)1 < Ce-*'*'. 

Moreover, C, L + and satisfy some properties of positivity or coercivity. The following 
proposition sums up the two properties useful for our purpose. Note that the first one is proved 
in [TS] , while the second one is proved in [H [5] . 

Proposition 2.4 ([HIE]). (i) For all f E H l \{XQ ; A £ R} real-valued, one has J(L-f)f > 0. 
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(ii) There exists kq > such that, for all v = v\ + iv2 € H 1 , 



1 2 

(L+vi,Vi) + (L-v 2 ,v 2 ) > — fIIjji ~ K o 

Kq 



d x Qvx + / Qv 2 



2 



1 i « \ 2 

Im / Y + v I + | Im / Y~v 



(2.1) 



Finally, we extend Proposition 12.21 to the operator C c linearized around a soliton e tct Q c (x), 
by a simple scaling argument. In fact, we recall that if u is a solution of (jNLSj) . then w(t, x) = 
\p^u(X 2 t, Xx) is also a solution, and moreover, we have Q c {x) = cp- 1 Q(y/cx) for all c > 0. 

Corollary 2.5. Le£ c > 0. for w = t!j + iv 2 , C c is defined by C c v = —L c -V 2 + iL c+ v\, where 

L c+ vi — —d^vi + cv\ - pQ^ v\ and L c _v 2 = —dlv 2 + cv 2 — Q p c ~ l v 2 . 
Moreover, the spectrum a (C c ) of C c satisfies 

cr(£ c ) fll = {-e C) 0, +e c }, where e c = c 3/2 e > 0. 
Finally, e c and —e c are simple eigenvalues of C c with eigen] 'unctions Y" c + and Y~, where 

Y+(x) = ^^Y+i^fcx) and Y~ = Y+, 

and the null space of C c is spanned by d x Q c and iQ c . 
Claim 2.6. One can normalize Y so that 

-I m /(Y+)* = 1 ani Ml Y~ =Y+. (2.2) 

Proof. Denote Y 1 = ReY+ and Y 2 = lmY+. Thus, we have Y+ = Y x + iY 2 , Y~ =Yy- iY 2 , and 

L+Yi = e Y 2 , L_Y 2 = -e Yi. 

Now, suppose that there exists A S K such that Y 2 = XQ. Then, we would have LJY 2 = — e§Y\ = 
AL_Q = 0, and so Y\ = 0. But it would imply L+Yi = = e Y 2 , and so Y 2 — 0, which would 
be a contradiction. Therefore, by (i) of Proposition 12. 4L we have J (L^Y 2 )Y 2 = — cq fY\Y 2 > 0. 
Hence, since Im J (Y + ) 2 = 2 J Y{Y 2 , we normalize Y ± by taking 

v+ = — — Y~ = v+ □ 



-2JY 1 Y 2 

2.2 Multi-solitons results 

A set of parameters (ll.2[) being given, we adopt the following notation. 
Notation 2.7. For all j e [l,iV], define: 

(i) Xj(t, x) — x — Vjt — Xj and 0j(t, x) — \vjX — \v^t + Cjt + jj. 

(ii) R 3 {t,x) = Q Cj (Xj(t,x))e ie i^ x \ where Q c (x) = c£*Q{y/cx). 

(iii) Y^(t,x) = r±(A J (t,x))e ie ^ t ' a: ), where Y±(x) = c 1 ^Y ± ( y ^x). 

(iv) ej = e c . , where e c = c 3 / 2 eo- 
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Now, to estimate interactions between solitons, we denote c m i n = minjcfe ; k 6 [1, AT]}, and 
the small parameters 

3 II 

(T = min{?7ov / cw, eo /3 c min , c min , u 2 - Ui, . . . , v N - v N -i} and 7 = -j^-. (2.3) 

From [10] . it appears that 7 is a suitable parameter to quantify interactions between solitons 
in large time. For instance, we have, for j 7^ k and all t 0, 

J \RAt)\\Rk(t)\ + K^WIK^W*)! < Ce- 10 ^. (2.4) 

From the definition of 00 and Remark 12.31 such an inequality is also true for Yp . 

Moreover, since <tq has the same definition as in Theorem 1 1.21 can be rewritten as follows. 
There exist Tq £ R, C > and tp £ C([Tq, +00), i? 1 ) swc/i t/iat, for all t ^ To, 

\\<p(t)-R(t)\\ Hl ^Ce^. (2.5) 



3 Construction of a family of multi-solitons 

In this section, we prove Theorem 11.31 as a consequence of the following crucial Proposition 13.11 
Let p > 5, N 2, and a set of parameters (|1.2[) . Denote R = J2k=i -^k and tp a multi-soliton 
solution satisfying (|2.5p . as defined in Theorem 1 1.21 for example. 



Proposition 3.1. Lei j 6 [1, iV] and A; £ R. TTien t/iere exist to > and u € C([to, +00), i? 1 ) 
a solution of (|NLS[) sucft i/iat 

Vt £ t , IK*) - <p(t) - A 3 e-^Y+(t)\\ H1 < e-^+T)*. (3.1) 

Before proving this proposition, let us show how this proposition implies Theorem II. 31 

Proof of Theorem \1.3[ Let {A\, . . . , Am) G R . Denote cr the permutation of [1, NJ which satisfies 

c a (i) < ' ' • < c ct( jv), and cr(i) < a(j) if c CT(i) = c a[j) and t < j. 

(i) Consider <PA a n\ the solution of (jNLSp given by Proposition 13.11 applied with tp given by 
Theorem 11.21 Thus, there exists to > such that 



Vt > 



Now, remark that PA a{1) is also a multi-soliton which satisfies (|2.5p . Hence, we can apply 
Proposition 13.11 with tpA a(1) instead of tp, so that we obtain <PA a{1) ,A„ {2) such that 

vt > t , ||^ (1) ,^ (2) (t) - <PA„ w (t) - A CT(2)e -^w*y+ 2) (t)|| Hi < e -(^(3)+-r)*. 

Similarly, for all j € [2, AT], we construct by induction a solution ^a ct( i ) ,..., j 4„ (; , ) such that 

Vt^to, 

(3.2) 

Observe finally that pA lt ...,A N ■— t PA a{1) ,...,A < , [N) constructed by this way satisfies (|2.5[) . 

(ii) Let (A[, . . . , A' N ) e R N be such that <PA' t ,...,A' = ^Ai,...,Ajvi and let us show that it implies 
(A[, . . . , A' N ) = [A\, . . . , Am)- In fact, we prove by induction on j that A a ^ — A' a ^ for 



G 



all j E [l,iV]. For j = 1, first note that, from the construction of fA x ,...,A N , the hypothesis 
means <^a; (1) ,...,^ (jv) = V>A„ w ,...,A a(NV and moreover 

VA„ w ,..^A, w {t) = ^ (1) ,...,A CT(N _ 1) (t)+v4 a(A r ) e- e -(") t y+ Ar) (t) + Z CT(7v) (i) 

JV AT 

= • • • = v>(t) + e Mk) e ~ e ° (k)tY *(k) (*) + E 

fe=l fc=l 

where z a ( fe ) satisfies ||^o-(fe)(*)|| i yi ^5 e~( eCT < fc ) +7 )* for t > to and each fc S Similarly, we 

get 

AT N 

^^,...,ai,„, (t) = ¥>(*) + E ^we"^*^*) W + E^O' 
and so, by difference, we have 



7(1) '■■■'" ct (JV) n ' ' > ' ^ / "W 

fe=l fe=l 



iV AT 



(4(i)-^(i))^ 11 »'^ 1) W+E(^)-<w)^ wi ^)W+E z ^ 

fe=2 fe=l 

Now, if we multiply this equality by Y^Jt), integrate, and take the imaginary part of it, 
we obtain, by Claim |2"1)1 and (|2.4[) . 

and so A a ^ — A! a ,y. by taking t — > +oo. For the inductive step from j — 1 to j, we write 
similarly 

JV AT 

fc=J fe=J 

Ar AT 

= w + E ^ w e _e ' (,,)t i;%) (<) + E £w (*)> 

and we finally obtain = ^(j) as ex P ec ted, by taking the difference of these two 

expressions, multiplying by Y^t.«(t), integrating and taking the imaginary part of it. □ 

Now, the only purpose of the rest of the paper is to prove Proposition 13.11 Let j € [1,-ZVj 
and Aj € M, and denote rj(t, x ) = A j e-~ e i t Y+ {t,x) = A e~^ t Y+(\ j (t 1 x))e l(, ^ t ^ . We want to 
construct a solution u of (|NLS|) such that 

z(t, x) = u(t, x) — ip(t, x) — Tj (t, x) 

satisfies ||z(i)|| ff i ^ e - ^ -1 " 7 '* for t ^ to with to large enough. 
3.1 Equation of z 

Since u is a solution of (|NLS[) and also ip is (and this fact is crucial for the whole proof), we get 
id t z + d 2 x z +\^ + r 3 + zf- 1 ^ + rj + z)- + Aje-^e* 6 * [d 2 x Y+ Cj Y+ ie 3 Y+](\ 3 ) = 0. 

But from Corollary 12. 51 we have 

C Cj Y+ = ej Y+ = ej Y+ tl + ie s Y+ 2 = -L.Y+ 2 + iL+Y^ 
where i = Re K + and 9 = Im Yl + , and so 

C j , 1 Cj Cj , z c 3 3 

d 2 x Y+ - Cj Y+ + iQlJ 1 Y+ a + pQ> Y \ : = i ej Y+. (3.3) 
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Therefore, we get the following equation for z: 

id t z + dlz + \<p + r 3 + zf- l (ip + n + z)- M P ~ V - A^QIJ^X^ [ P Y+ S + iY+J^) = 0. 

(3.4) 

By developing the nonlinearity, we find 

\tp + r ] + zf^iv + rj + z)- |v?| p "V = If + rjf^iv + rj) - \tp\ p ~ 1 <p + uj(z) 

+ (p - l)\<p + r 3 \ p - 3 (^ + Tj ) Re((lp + rj)z) + \ip + r^z, 

where oo(z) satisfies \uj(z)\ ^ C\z\ 2 for \z\ ^ 1. Hence, we can rewrite (|3.4j) as 

id t z + d 2 x z + (p- l)\<p + r j \ p ~ 3 (<p + r j )'R&((lp + rj)z) + \<p + rj | p_1 2 + oj(z) = -O, 

where 

n = \ lf + r 3 r\ v + rj ) - wr\ - a^q^Hx^ [ p y+ a + iy+^x,). (3.5) 

Finally, the equation of z can be written in the shorter form 

id t z + d 2 z + (p- l)\<p\ p ~ 3 <pRe(lpz) + \ipf~ 1 z + w x ■ z + uj(z) = -fl, (3.6) 

where u>i satisfies ||wi(f)|| L2 ^ Ce~ ejt for all t ^ To. We finally estimate the source term f2 in the 
following lemma, that we prove in Appendix [A"l 

Lemma 3.2. There exists C > such that, for all t ^ T Q , \\Ct(t)\\ H i < Cer^i^ 1 . 

3.2 Compactness argument assuming uniform estimates 

To prove Proposition 13.11 we follow the strategy of [TU1 [3j ■ We first need some notation for our 
purpose. 

Notation 3.3. (i) Denote J = {k e [1, iV]] | c k < c,-}, X = {k S [1, iV]] | c fc > c,-} and fc = (t-K". 

(ii) R fc ° is equipped with the £ 2 norm, simply denoted || • ||. 

(iii) S R fc (r) denotes the sphere of radius r in R k ° . 

(iv) Bjg(r) is the closed ball of the Banach space B, centered at the origin and of radius r ^ 0. 

Let S n — s- +oo be an increasing sequence of time, b„ = {b n .k) keK € M fco be a sequence of 
parameters to be determined, and let u n be the solution of 

!id t u n + dlu n + |w„| p_1 u„ = 0, 
u n (S n ) = <f(S n ) + A 3 e- e i s »Y+(S n ) + J2 K,kY+(S n ). ( 3 - 7 ) 
kei< 

Proposition 3.4. There exist n$ and to > (independent of n) such that the following holds. 
For each n no, there exists b n € K fc ° with \\b n \\ ^ 2e~' ej+27 ) 5 '™ , and such that the solution u n 
of (13. 7|) is defined on the interval [to,S n ], and satisfies 

Vt e [to, S n ], ||«n(t) - - ^e- e ^Y/(t)|| Hl < e -(^+T)*. 

Assuming this key proposition of uniform estimates, we can sketch the proof of Proposition ^. 11 
relying on compactness arguments developed in [TUllS]- The proof of Proposition ^. 4l is postponed 
to the next section. 



8 



Sketch of the proof of Proposition \3.1\ assuming Proposition \3.4\ From Proposition 13.41 there ex- 
ists a sequence u n (t) of solutions to (jNLSj) . defined on [ta,S n ], such that the following uniform 
estimates hold: 

Vn > n ,Vt E [t ,S n ], \\u n (t) - <p(t) - A^Yf {t)\\ Rl < e -^+^. 

In particular, there exists Co > such that ||u n (to)||#i ^ d for all n ^ n . Thus, there exists 
t*o € such that u n (to) — ^ uq in 7? 1 weak (after passing to a subsequence). Moreover, using 

the compactness result |101 Lemma 2], we can suppose that u n (to) — » uq in L? strong, and so in 
H Sp strong by interpolation, where ^ s p < 1 is an exponent for which local well-posedness and 
continuous dependence hold, according to a result of Cazenave and Weissler |1J. Now, consider u 
solution of 

id t u + d 2 u + \u\ p ~ u = 0, 
u(t ) = u Q . 

Fix t ^ to. For n large enough, we have S n > t, so u n (t) is defined and by continuous dependence 
of the solution of (|NLS[) upon the initial data, we have u n (t) — > u(t) in H sp strong. By the uniform 
H 1 bound, we also obtain u n (t) u(t) in H 1 weak. As 

\\u n (t) - <p(t) - A 3 e-^Y+(t)\\ Hl < e-^\ 

we finally obtain, by weak convergence, \\u(t) — ip(t) — Ajer ejt Y^ (t)\\ ^ e -( e j+7)*. Thus, u is 
a solution of (|NLS|) which satisfies (|3.1J) . □ 



3.3 Proof of Proposition 13.41 

The proof proceeds in several steps. For the sake of simplicity, we will drop the index n for the 
rest of this section (except for S n ). As Proposition ^. 41 is proved for given n, this should not be a 
source of confusion. Hence, we will write u for u n , z for z n , b for b„, etc. We possibly drop the 
first terms of the sequence S n , so that, for all n, S n is large enough for our purposes. 
From (|3.6|) . the equation satisfied by z is 

id t z + d 2 x z + (p - l)\(p\ p ~ tpRe(~ipz) + M P-1 z + oji ■ z + oj(z) = -fl, 
z(S n )=j: keK b k Y k + (S n ). 

Moreover, for all k £ [1, AT]], we denote 
In particular, we have 

l£K J 

Finally, we denote or (t) = (a k (t)) keK . 



3.3.1 Modulated final data 

Lemma 3.5. For n ^ no large enough, the following holds. For all a~ G M. k " , there exists a 
unique b £ K fe ° such that \\b\\ ^ 2||a _ || and a~(S n ) = a~. 

Proof. Consider the linear application 

$ : M feo -4 R fe ° 

b = ( b l)leK ( a k( S n)) keK - 
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If we denote (tri, . . . , <7fc ) the canonical basis of M. k ° , then, by the normalization of Claim |2"1)1 and 
the definition of Y" c + in Corollary 12. 51 we have, for all k £ [1, Aft], 

($K)) fc = -Im J (r+) 2 = -Im J (Y + f = l. 

Moreover, from (|2.4p . there exists Co > independent of n such that, for I ^ k, 

|($(<7 fe )),| < / |y+(A J (5„))||y+(A fe (S n ))| <C e-^". 



Thus, by taking no large enough, we have $ = Id + A n where ||A„|| ^ \, so $ is invertible and 
||<I> -1 || ^ 2. Finally, for a given a~ € M* , it is enough to define b by b = <i> _1 (a _ ) to conclude 
the proof of Lemma 13.51 □ 

Claim 3.6. The following estimates at S n hold: 

• \a+(S n )\ < Ce^ s "||b|| for all k £ [1, N}, since Im JY~Y+ = Im J" |F+| 2 = 0. 

• \a~(S n )\ ^ Ce- 2 ^"||b|| /or all keJ. 

. <c||b||. 

3.3.2 Equations on arj: 

Let to > independent of n to be determined later in the proof, a - € B K k a {e~^ ej+2 ^ Sn ) to be 
chosen, b be given by Lemma [3~51 and u be the corresponding solution of (|3.7[) . We now define the 
maximal time interval [X^a - ), S n ] on which suitable exponential estimates hold. 

Definition 3.7. Let T(a~) be the infimum of T ^ to such that, for all t £ [T, 5 n ], both following 
properties hold: 

e^ +7)t z(i)e%(l) and e ( e ' +2 *Q-(() £ (3.9) 

Observe that Proposition ^. 41 is proved if, for all n, we can find o~ such that T(a~) = to- The 
rest of the proof is devoted to prove the existence of such a value of a~. 

First, we prove the following estimate on at. 
Claim 3.8. For all k E [1, Nj and all t S [T(cT), S n ], 
d 



^ Coe-^ t \\z(t)\\ H1 +C 1 \\z(t)\\ 2 H1 +C 2 e-^ + ^ t . 



(3.10) 



Proof. Following Notation 12.71 we compute 



dt^ 



dt 
= — Im 



Im / Y±{t)z{t) 



dt 



Im / Y^(x - v k t - x k )e 



Z(t) 



-v k d x Y* - i{c k - -v 2 k )Y* 



(x - v k t - x k )e- l ^ VkX -i v ^ +Ckt+ ' 1k) z(t) 



-Im J Y^ k {x - v k t - x k )e~ l{ ^ VkX ~^ t+Ckt+ ^ ) z t . 
Moreover, using the equation of z (13. 8p and an integration by parts, we find for the second term 
-Im J Y^ix-Vkt-x^e-^i^-i^+^+^Zt 

= - Im / YT{\ k ) e - l9k x i \d 2 x z + (p- l)\^\ p - 3 V Re(Tpz) + \ipf~ 1 z + wi • z + w(z) + 
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= — Im / ize 



dlYl - iv k d x Y* - -*Y* 



Im / tJ^(A*)e- w * [(p-l)|^r 3 ^Re(^) + |^r^ 



-Im / tT*(A fc )e _ "* [wi • z + oj{z) + fi] . 
Using the estimate ||wi(t)|| i2 ^ Ce~ ejt and Lemma we find for the last term 



Im J iY^(X k )e~ t9k [uji ■ z + lj(z) + fi] 



From the definition of 7 

d 
~dt 



^Ce-^WzW^+CWzW^+Ce-^+^K 

we deduce that 

n A (/) = -I.n / i:r " [%Y? h - c k Y*] (A fe ) + 0(e-^\\z\\ Hl ) + 0(\\z\\ 2 H1 ) + 0(e-<*+**) 
-Im / iY? h (\ k )e- i(> * [<j>-l)\<p\ p - 3 vMvz) + \vr X z ■ 
Now, from . we find 

-Im | we"* 9 * [^-c,^] (A fc ) = -Im| we"^ [q=ie fc l^ - iQ^ 1 ^ -pQ^ 1 ^] (A fc ), 
and, as in the proof of Lemma 13.21 we also find 

-Im / iY?(\ k )e- i(> * [(p-l)|^r 3 ^Re(^) + |^r^ 



Im / iy^(A fc )e- iff " ( P -l)\R k r 3 R k Re(R k z) + \R, 



0(e 



-47*1 



I if 1 ; 



Hence, we have 

d 



dt 



-Im / (^(Afcje-* 8 * (p-l)QP: 2 (A fc )e^Re[Q Cfc (A fe )e-^2] + 



+ 0( e - 4 ^||z|| ffl ) + 0(||z|| 2 ffl ) + 0(e-^+^)*). 
Finally, if we denote z\ = Re(ze _j9fc ) and Z2 = Im(ze _j9fc ), we find 

j t at{t) = ±e k a±(t) + 0(e-^\\z\\ H1 ) + 0(\\zf Hl ) + 0( e -^+ 4 ^) 

+ ReJ (z 1+l z 2 ) [iQ£H\ h )Y* t2 (\ k )+pQ p -\\ k )Y* tl (\ h fl 
-Re J{p-l)YT{\ k )Qv : \\ k ) Zl -R c J YT{\ k )Qi : \\ k ){ Zl+lZ2 ) 
= ±e k a±(t) + 0(e- 4 ^||z|| Hl ) + 0(\\zf Hl ) + 0( e -^+ 4 ^) 

+p J ziQ^WcT.iCA*)- / ztOZH^Y^iXk) 

-(P-1)/ Y^X^QP-'iX^- J Y L l 1 (X k )QP; 1 (X k )z 1 + J r c T, 2 (A fe )Q?r 1 (A fc )z 2 
= ±e*a±(t) + 0(e^||z|| ffl ) + 0(||z||^) + 0( e -^+ 4 ^), 
since all other terms cancel. □ 
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3.3.3 Control of the stable directions 



We estimate here a^{t) for all k G [1, Nj and t E [T(a~),S n ]. From fBTTUj) and (O, we have 



Thus, |(e- efcS c4(s))'| ^ K 2 e- {e ' +ek+4 ^ s , and so, by integration on [t,S n ], we get | e - e * s »a^(5 n )- 
e _efct a+(i)| K 2 e-(^+ e '=+ 4 T)*, which gives 

|a+(t)| < e e ^*- s »)|a+(5 n )| +^ 2 e-fe+ 4 ^. 
But from Claim 1531 and Lemma 13.51 we have 

e e fe (*-S„) |a + ( c, n)| ^ | a + (5n) | ^ Ce -2 7 S„|| b || 



and so finally 



Vfc G [l,JV|,Vt G [T(a-),S n ], \a+(t)\ < ^e^ 4 " 4 ^. 



(3.11) 



3.3.4 Control of the unstable directions for fee J 

We estimate here ar(t) for all k E J and t E [T(a~), S n ]. Note first that, as in the previous 
paragraph, we get, for all k E [1,JV] and t G [T(o~), 5 n ], 



eft 



a k (t) + e k a k (t) 



(3.12) 



Now suppose k E J, which implies e k ^ ej. Since |(e efeS a fe («)) | s$ K 2 eS ek - e '- i ^ s 1 we obtain, by 
integration on \t,S n ], 

But again from Claim 13.61 and Lemma 13.51 we have 

e«*(s»-*)| a -(5 n )| <c x 2 e efc ( 5 ^ t ) e " 2 ^"e-^ +2 ^ s " = *T 2 e e *(s»-t) e -fe+47)Sn 



and so finally 



Vfc G J.yt E [T(a-),S n ], \a-(t)\ ^ K 2 e^+ 4 ^. 



(3.13) 



3.3.5 Localized Weinstein's functional 

We follow here the same strategy as in [TTJ [TU1 [3] to estimate the energy backwards. For this, we 
define the function tp by 

i r x ! 

4>{x) = for x $J —1, ip{x) — 1 for x 1, Wx) = — / e i-^ 7 dy for x E (— 1, 1), 

CO J-l 

1 1 

where Co = J_ 1 e 1 ~y' i dy. Hence, ip E C°°(R) is non-decreasing and ^ ip ^ 1. Moreover, we 
define, for all fc G [2, Nj, m k (t) = \ [(v k + v k -i)t + x k + x k -i], and 



(x - m k (t)) 
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Moreover, we set 



hi(t,x) = (ci + ^j 



N r 



k=2 



Ck 



I't 



fc-1 



N 



h 2 (t,x) =vi+ ^(v k - v k -i)ipk(t,x). 



k=1 

v 2 

Observe that the functions hi and h 2 take values close to c k + -j- and v k respectively, for x close 
to Vkt + Xk, and have large variations only in regions far away from the solitons. To quantify these 
facts (see Lemma l3.9p . we introduce the functions (f>k, defined for k € [1, N — 1] by 

<j>k = ipk - 1pk+l, 4>N = 4>N- 

Hence, we have <fi k ^ and Ylk=i 4>k = and by an Abel's transform, we also have 



N , 2 \ N 

hi = ^ ( c k + -r J 0fe and fe 2 = ^ «fc<ft 

fe=l ^ ' k=l 



Lemma 3.9. (i) For all k E [l,iV], (|i? fc | + |i? fe:E |)|</>fc - 1| < Ce" 4 ^-^*-^*! . 
(ii) For all k,l € [1,7V] sucft i/iai / ^ fc, + |i? fe2; |)0; < Ce'^e'^^-^ . 

(Hi) For all k € [l,iV], H^telljroo + ||<^fcxa:|li=o + H^/rtllz,^ ^ ^j- 

fivj One has \\h lx \\ Loa + \\h 2x \\ Lxi + \\hi xx \\ La0 + \\h 2xx \\ Laa + ||/iit|| L oc + \\h 2t \\ L ^ s$ %, and, for 
all k £ [1, NJ, 

hi - (c k + ^pj (\R k \ + \R kx \) < Ce-^e-^-^, 
\h 2 - v k \(\R k \ + \R kx \) < Ce-^e-^l 1 -^!. 
Proof. See Appendix El □ 
Now, we define a quantity related to the energy for z, by 

,2 2 



#(t) = / IM 



p + l 



\<p + rj +z\ p+1 - \if + r 3 \ p+1 - {p+l)\if + r 3 \ p 1 Ke[{Tp + r-)z] 

+ J /iiM 2 -Im J h 2 zd x z. (3.14) 



The following estimate of the variation of H is the main new point of this paper, and as its proof 
is long and technical, it is postponed to Appendix IBl 

Proposition 3.10. For all t S [T(ar),S n ], 



dH 
~dt 



it) 



Co 

Vt 



Mt)\\m +C 1 e-^ +4 ^ t \\z(t)\\ H1 +C 2 \\z(t)\\ 



3 

H 1 ' 



We can now prove that, for all t G [T(a ), S n ], 

U[z](t) := / \8 x z\ 2 - \R\ p - 1 \z\ 2 - (p- l)(Re(i?z)) 2 |i?| p - 3 + /n|z| 2 - lmh 2 zd x z 



satisfies 



H[z](<) <C ^ e -2(e,+7)t. 



(3.15) 
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Indeed, from Proposition 13. 101 and estimates (|3.9[) . we deduce that, for all s <G [t, S n ], 



— (*) 

ds 



ft 



Thus, by integration on [*,£?„], we obtain - H(S n )\ < ^ e - 2 ^ +7 )*, and so 

But from Claim 1531 and Lemma 13.51 we have 



^„ -2(e j+7 )t 



and so 



|if(S n )| < CP(S„)||^ < C||b|| 2 < C||o-|| 2 

#1 



VtG[T(o-),^], 



-2(ej+ 7 )t 



Finally, expanding | ip + rj + z 



P+i 



|(^ + rj| 2 + 2Re[(^ + rj)z] + |z| 2 



we find 



W + r 3 +z\ P+1 - \<P + r j \ p+l - (p+ l)Re{(jp + f])z]\ 9 + r^ 1 (^±^j Iz^ + r^ 1 



(p+l)(p-l) 2, . ip-3 
ij (Re[(^ + r j )z]) |^ + r 3 r 



and so, from the definition of H (|3.14p . 



|a,z| 2 -|^ + r j r 1 |z| 2 -(p-l)(Re[(^ + 77)z]) 2 |^ + r,r 3 + ^ 1 |z| 2 -Im/ l2 z9 ;c zs; ^ e - 2 ^+ 7 )*. 



Using (|2.5p , we easily obtain (|3.15p by similar techniques used in the proof of Lemma 13.21 in 
Appendix [21 to replace (ip + rj) by R plus an exponentially small error term. 

3.3.6 Control of the directions of null energy 

JV N 

Define z{t) = z(t) +J2 Pk{t)iR k {t) + ^ j k {t)d x Q Ck {\ k )e l(>k , where 



h(t) 



k=l fc=l 

Re J iRkZ Im J R k z 



and 7fe(t) = 

II Vet II L 2 



Re / d x Q Ck (\ k )e l 



1 0,. 



WQoWh 

First, note that there exist C\, C2 > such that 

N 

Ci\\z\\ H , *S \\z\\ Hi + + | 7fe |) < C a ||«|| ffl 

fc=i 

Moreover, by this choice of parameters, we have, for all k £ [1, JV], 



Wd.QcJ 







Re J 


-iR k z 



< Ce" 7 *! 



\H 1 > 



Re / a,g c ,(A fe )e ie ^ 



^Ce- 7 *||z|| 



(3.16) 



(3.17) 
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Indeed, by (|2.4[) . we have 



Re / —iR k z = Im / R k 



N 



N 



■iO, 



i=i 2=1 
= Im J R^z + [3 k (t)Rc J \R k \ 2 + 7fc (i)Im / Q Ch d x Q Ck + 0{e-^\\z\\ H1 ) 

= Im [R~ k z + lm J R k z + 0{e-< t \\z\\ H1 ) = 0{e-< t \\z\\ H1 ), 

and similarly, 

Re /" x Q Cfc (A fc )e iS *I 

= R e y" 9 K Q Cfc (A fe )e ie '=f + ^(t)Im / Q Ck d x Q Ck + lk {t) Re / |S x Q Cfe | 2 + 0(e- 7t ||z|| ffl ) 
-Re [ d x Q Ck (\ k )e ie *z-Re f d x Q Ch {X k )e i6k z + 0{e~^\\z\\ m ) = 0{e~^\\z\\ H1 ). 



Now, we compare the functionals and 7i[z] in the following lemma, that we prove in 

Appendix IA1 

Lemma 3.11. for all t £ [T(a~), S n ], one has 



By ([335]) and (|3~!))) . we deduce that 



Vie[T(o-),5»], H[z](t)^-^e 



(3.18) 



Now, from the property of coercivity (ii) in Proposition 12.41 and by the definitions of h\ and h,2, 
we obtain, by simple localization arguments (see [TTJ Appendix B] for details), that there exists 
ki > such that 



1 



JY 



- Im W l 



-Im / zY, 



Re / z(-iR k ) 



Re / zd x Q Ck (\ k )e 



-iO k 



(3.19) 



To justify hcuristically this inequality, we compute, for k g [l,iV], the localized version Hfe[z] of 
7i[z] (it would be the same for z), defined by 

H k [z} = J \d x z\ 2 -\R k \ p - 1 \z\ 2 -{p-l)(Re(R k 'z)) 2 \R k \ p - 3 + ( c fc + x) \A 2 ~ v k l™zd x z. 

In fact, if we denote [e~* 9t: z](- + v k t + x k ) = z\ + iz%, i.e. z = e t6k (zi + izi)(\ k ), then we have 
d x z = ^e l6k (zi + iz 2 ){\ k ) + e l9k (d x zi + id x Z2){X k ), and so, by (ii) of Proposition! 



'«,/:]= / [~z 2 + d xZl ) (A fe )+ / ^ Zl +d x z 2 ) (A fe ) 



v k 



QV^k){zl+zl){X k ) - (p- 1) / Ql~\\ k )zl{\ k ) 

,2" 
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(d x zi) + c k zf - pQP. k 1 zf + J (d x z 2 ) +c k zl-Q p Ck x zl = (L Ck+ zi,z\) + (L Ck _Z2,Z2) 
d x Q CkZl ) + ( f Q Ck z 2 ) + (im f Y+z) + (im [ Y k ~E 



> — \\ z \\m - K o 

Kq 

Now, we return to (|3 . 19|) . and we estimate each term of the sum, for all k S [1, iV| and 
t e [T(a~), S n ]. First, by (|3T7j) . we have 

(Re J z(-iR^)\ + (Re J zd x Q Ck {X k )e- ie "\ ^ Ce- 2 ^\\zf H1 ^ Ce" 2 ^" 2 ^)*. 
Second, denoting Y\ = Re Y + and Y 2 = Im Y + again, we have 

- Im J Y+{t)z{t) = «+(*) - Re J Q Ck (X k )(Y+ k>1 - iY+ >2 )(X k ) 

- 7k (t)Im J d x Q Ck {\ k )(Y+ tl -iYX. 2 ){\ k ) + 0(e-^\\z\\ Hl ) 
= at{t)-Cp k (t) I ' QYi+C-nit) f d x QY 2 + 0(e-^\\z\\ Hl ). 



But by definition of Y + , we recall that L+Yi = e^Y 2 and L-Y-z = —cqYi, and so 

-Im fY+(t)I(t)=a+(t) + ^Ml f Q(L_Y 2 ) + [ d x Q{L + Y x ) + 0(e-^\\z\\ Hl ) 

= a+(t)+C'p k (t) f(L_Q)Y 2 + C'j k (t) J L + {d x Q)Y 1 + 0{e-< t \\z\\ m ) 

since L± are self-adjoint, and moreover, L-Q = and L + (d x Q) = by Proposition 12.21 Hence, 
by ([53TJ) . we find, for all k € [1, Nj, 

(-Im J zY+^j ^ 2(a+f + Ce-^ t \\z\\ 2 H1 < Ce-^+^+Ce-^e- 2 ^^ ^ Ce^e- 2 ^^'. 

Completely similarly, we find, for all k G [1, NJ, 

(-Im J zY^J ^2{a- k ) 2 + Ce-^ t \\z\\ 2 H1 ^ Ce" 2 ^-^^, 

using ([3~T3]) for k e J, and for k e K. 

Finally, gathering all estimates from (|3.18[) , we have proved that there exists Kq > such that, 
for alHe [T(a-),S n ], 

We want now to prove the same estimate for z, and so we have to control the parameters (3 k (t) 
and 7fc(£) introduced above. 

3.3.7 Improvement of the decay of z 

Lemma 3.12. There exists Kq > such that, for all t € [T(o~), S n ], 
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Proof. By (|3.16p . it is enough to prove this estimate for |/3fc(t)| + |7fc(*)| with k £ [1, TV] fixed. To 
do this, write first the equation of z, from the equation of z (13. BJ) , 



ifi| t z + fl£2 + (p- l)M P_ VBfi(?S) + \<p\ p - L z 



-vid x Q Cl + i[ci 



-vidlQc, + i[ci 



4 

9^Q C! + iv t d x Q Cl - -j-Qc, 



$xQc 



d 3 x Q Cl + ividlQ cx - -±d x Q c 



(A/)e 4 



(A ; )e i9 <+5> 

+ (p - l)|^| p - 3 ^Re(^z) + (p - l)|^r s ^A MW) + M P_1 * 
+ (p - 1)M P ~V £ 7 * Re^Qc, (A/)e lSi ) + £ ##1^ + £ liM p -%Q Cl (\i)e ie ' , 

and so, since d x Q Cl + Q p = ciQ Cl , we find 

id t z + d 2 x z + (p- l)\ip\ p - 3 ^Re(^z) + 

- i £ PlQc, (h)e«> -P^TidxQc, {\i)Ql;\\i)e^ 

- (p-ll^Al^rVlm^) + (p- l)£ 7 ^I^VRe(^Q Ci (A ; )e^) 
+ i £ /3^r 'Qc, (A/)e^ + £ 'flxOc (A ; )e lSl 

= -wi • a - lo{z) P'iRi + * £ 7^Q C! (A ; )e l9i - (p - 1) £ AM P ~V Im(^) 

+ i£Ae^Q Ci (A i )[|^| p - 1 -Q? ! - 1 ( A 0] 

+ X> [l^r _1 ^Q Ci (A ; )e^ + (p-l)|^| p -VRe(^ x Q C! (A/)e ie ') - p9 K Q Ci (A/)Q^ _1 (Ai)e i9i 

Then, multiply this equation by R k , integrate, and take the real part of it, so that we obtain, 
by U23D, (23|) and Lemma [XI 

- Im J d t zR k + 0(\\I\\ L2 ) = Oie-^WzW^) + 0(\\zf m ) + 0^+^) - C& k 

+ £(# + ii)0{e-^) + £ AO(e"^) + £ 7i O(e-^). 



In other words, we have, by (|3.16p and (|3.9|) . 



1^1 < c 



Im / dtzRk 



Ce-*Y,m + \ii\) + ^ne-^)\ 



l^k 



Moreover, from 



we deduce that 



Im fzR k = J2fr Im ! iRiRk + J2^ llm h x Q Cl {h)e i6l R k 
J Ijtk •* tyk •* 



d_ 

dt 



Im J zR k = YJA + il)0{e~^) + £(A + n)0{er^) 



l^k l^k 

= Im / d t zR k + Im / zd t R k , 
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and so, as d t R k = -v k d x R k + i [c k + R k , 

< Cll^ + Ce~^ + | 7 ;|) + Ce-^^m + | 7 ,|). 

l^k l^k 

Gathering previous estimates, we find 

Wk\ < Ce-v^dA'l + Wl) + Jie-^^*. 

Completely similarly, if we multiply the equation on z by d x Q Ck (\k)&~ lSk , integrate and take the 
imaginary part of it, we find 

w k \ < ce-^m + h\) + ^~ {ei+i)t - 

Hence, we have proved that there exist C3, C4 > such that, for all t £ [T(a~), S n ], 

\P' k \ + Wk\ < c 3 e-^^(|A'l + H\) + |* e ~ (e ' +7) '- 

Finally, if we choose to large enough so that C^e~ lto ^ we obtain, for all s £ [t, S n ], with 
t£[T(a-),S n ], 

By integration on [t,S n ], we get \0 k (t)\ + | 7fe (i)| < |/3 fe (S„)| + | 7fe (S„)| + j^e-^+^K But from 
Claim ESI Lemma 1531 and (|3. 16[) . we have 

\fc(S n )\ + hk(S n )\ < C\\z(S n )\\ Hl < C||b|| < C||o-|| C e -^+ 2 ^ s " < Ce-^+^J*, 

and so finally, 

Vi e [T(<r), Sn], \p k {t)\ + \ lk (t)\ < _g- e -C*-Hr>*. □ 

3.3.8 Control of the unstable directions for k £ K by a topological argument 
Lemma T3.12I being proved, we choose to large enough so that -^74 ^ \- Therefore, we have 

Vt£{T(a-),S n ], \\z(t)\\m < \e-^ f . 

We can now prove the following final lemma, which concludes the proof of Proposition 13.41 Note 
that its proof is very similar to the one in [2] , by the common choice of notation, but it is reproduced 
here for the reader's convenience. 

Lemma 3.13. For to large enough, there exists a~ £ B R k (e~( e J' +27 ' s ™) such that T(a~) = to. 

Proof. For the sake of contradiction, suppose that, for all a~ £ B s _k (e~^ ej+2j ^ Sn ), T(a~) > to. 
As e^+^ T ^h(T(a-)) £ B H i{\/2), then, by definition of T(a~) and continuity of the flow, we 
have 

e te+27)T(<O a - (T(cr)) g g Rfco(1) . (3 20) 

Now, let T £ [to,T(a~)] be close enough to T(a~) such that z is defined on [T,S n ], and by 
continuity, 

Vie [T,S n ], \\z(t)\\ Hl ^e-^ + ^. 



Im / d t zR k 
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We can now consider, for t G [T, S n ], 

N(t)=Af(a-(t)) = ||e^ +a T)*a-(t)|| 2 
To calculate Af' , we start from estimate (|3.12J) : 

d 



Vfc eK,Vte [T,S n ], 
Multiplying by ja^ (i)|, we obtain 



dt a k (*) + e fe a fc (*) 



d 2 



aie-^^lant)!, 



and thus 



2 «* (*)^«fc (*) + 2e mi „«fc (t) 2 «S 2aj^ (t)^Ofc (*) + 2e fc a* (i) 2 < J^e^"^^* (t)|, 



where e 



minjefc ; fc G K}. By summing on fc G -fC, we get 

(||a-(t)|| 2 )' + 2e min ||a-(t)|| 2 < tf 3 e- ||a-(t)||. 
Therefore, we can estimate 

"2(e i +2 7 )||a-(t)|| 2 + (||a-(t)|| 2 ) / 



< e 2(e 3 +2 7 )t 



2(e 3 + 2 7 )||a-(;)|| 2 - 2e min ||a-(i)|| 2 + K^+^Wcx- (t)\\ 



Hence, we have, for all t G [T, S n ], 



where 9 = 2 (en 



2 7 ) > by the definitions of 7 (|2.3[) and of the set K. In particular, for 



all t G [T, 5„] satisfying Af(r) = 1, we have 

W'(t) sC -6» + X 3 e^ T ||a-(r)|| = -0 + ir 3 e^ T e-^ +27 ) T = 

Now, we definitely fix to large enough so that K 3 e~ 2lt ° 4 §, and so, for all r G [T, S„] such that 
A/"(r) = 1, we have 

^(r)<-|. (3.21) 
In particular, by ([3^ . we have Af'(T(a~)) 4 -§. 

First consequence: a - h-> T(a _ ) is continuous. Indeed, let e > 0. Then there exists 6 > such 
that JV(T(CT) - e) > 1 + 5 and Af(T(a~) +e) <1-S. Moreover, by definition of T(cr) 
and (|3.2ip . there can not exist r G [T(a~) + e, 5 n ] such that A/"(t) = 1, and so by choosing 
5 small enough, we have, for all t G [T(a~) + e, A/"(t) < 1 — <5. But from continuity of 
the flow, there exists 77 > such that, for all a~ satisfying \\a~ — ci 1 1 ^ i], we have 

Wt G [T(tr)-E,S n ], \Af(5t~(t))-Af(a-(t))\ 4 5/2. 

We finally deduce that T(a~) — e < T(a~) 4 T(a~) + e, as expected. 

Second consequence: We can define the map 

M : iWe- fe+27)S ") -> § R , (e-^ +2 ^ s ") 

a- ^ e-^+ 2 ^( s "- T ( a_ »a-(T(a-)). 

Note that M. is continuous by the previous point. Moreover, let o~ G ^gh {e~^ s+2 " l ' Sn ). 
As Af'(Sn) < -| by we deduce by definition of T(cT) that T(o") = S„, and so 

A"l(a~) = 0~. In other words, restricted to S K fe (e~^ e3+27 ' 5 ") is the identity. But the 
existence of such a map M. contradicts Brouwer's fixed point theorem. 



In conclusion, there exists o G (e ( e i+ 2 T) s ») g^jj that T(a ) = <o- 



□ 
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A Appendix 



Proof of Lemma 



First, we calculate 



1^ 



ip-i 



r, + (p- l)\Rj 



+ (p- l)Q?- 2 (A,)e^ Re[A J e- e ^g Cj (y+ 1 +i r+ 2 )](A,) 
= A J e- e ^Q^ 1 (A J )e^[y+ 1 +»y+ a + (p - 1)^]^) 
= Aje-^Q^iX^ [pY+ A + iY+^X,). 

Hence, from the expression of (|3.5p . it can be written 



tl = \ ip + r j f-\tp + r j ) 



-v-i^-rs 



We can now estimate ||fi||m, and we estimate ||9 x r2|| L2 for example, the term ||f2|| i2 being similar 
and easier. To do this, we write 



fix = (p- l)Re[(f x + r jx )(ip + Tj)]\(p + r 3 \ p 3 (<f + r,-) + \<p + r 3 \ p L (tp x + r jx ) 



ip- 1 / 



,ip-i 



(p - l)(p - 3) ReOR^OIi^f Re(i? J r J ) - (p - l)|J? i | p Re^-r,) 
(p - l)|^| p - 3 ^ Re(R~r 3 ) - (p - 1)1^- Re(iV>) 



(p - 1) Re((/3 x </3) |y + r J -| p 3 (</? + ry) - \ip\ p 3 ip - (p - 3)<pRe(<pr,-)M 



p— 5 



M 



P" 3 „ 



(p-l)(p-3) Re(<^)Re(^)M P V - Re(R jx Rj) Re(R jrj )\Rj\ p 5 R 



+ (p- Re(^ x 99)|<^| 



p-3 



I P-3 



+ (p - 1) Re(^f-)|^ + + r-,-) - Re(E£r 3 -) " 



+ (p - 1) [Re(r ix ^)|^ + r 3 \ p "(ip + r 3 ) - Rc(r 3X R 3 )\R 3 \ 
+ (p - 1) Re(7>r-)|v3 + r 3 -| p_3 (<p + r 3 ) + r jx \cp + r/' 1 



p-3 



Rj 



fx 



l^ + r.r 1 - l^r 1 - (p- l)Re(^)M P ~ 3 



+ (p - 1) Re^r,)^ 



,p-3 



Re(R 3 r 3 )R JX \R 3 



,p-3 



To estimate all these terms in L 2 norm, we use the facts that f is equal to R plus a small error 
term according to (|2.5p . that i? multiplied by a term moving on the line x = Uj-t + ccj (like r^) is 
equal to Rj plus a small error term according to (|2.4j) . and finally that rj is at order e~ ejt . To 
illustrate this, we estimate the first two terms I and II, for example, as all other terms can be 
treated similarly. For I, we simply remark that 



by the definition of 7 
1 



(p-l)(p-3) 



For II, we decompose it as 
II = Re[(^ - R x )lp}Rc((pr 3 )\p\ p - 5 ^ + Re(R x (p -R)Re(fr 3 )\f\ P ~ 5 f 



Re{R x R) Re[(f - R)r 3 ]\f\ p ' 5 f + Re[(R x - R jx )R] Re(i?r J )|<^| p_5 (, 
Re[R jx (R - R~)] Re(Rrj)\(p\ p ~ 5 tp + Re[R jx R~] Re[(R - R~)r 3 }\(p\ p ~ 5 Lp 



Re(Rj X Rj) Rc(Rj 



ip— 5 

I p — 5 I T-> ip— 5 



f 



v-\Rj\ 



R, 
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Since \\ip — R\\ H i ^ Ce 47 * by (|2.5p . the first three terms are bounded in L 2 norm by Ce ( e i+ 4 T) t . 
Moreover, by (|2.4p . the next three terms are also bounded in L 2 norm by Ce-^+ 4 T)*. Finally, 
for the last term, we write 



l^rV- l^-r 5 ^' = (\vr 5 <p-\R\ p - 5 R) + (|-R| P_5 -R- \Rj\ p ~ 5 Rj), 
so that, since p > 5, we can conclude similarly that ||II|| L 2 ^ Ce - ^" 1 " 47 *". 
Proof of Lemma HOI (i) For fee [1, iV], we have 

(\Rk\ + \RkMk ~ IK Ce-^-^'Ifl + Vfe+i - V-fc] 

< C e -^ x - Vkt] ■e-^ x - Vhtl [l + ip k+1 -V*,]. 

But, if x < TOfe(t) + then 

and similarly, if a; > mk+i(t) — V, then 

As <pk(t,x) = 1 for uik{t) + yi ^ x ^ mfc+i(i) — the conclusion follows from 
(ii) For I, k G [[1, iVj such that I ^ k, we have 

(lijfcl + < Ce-^l«-»*l[^ -^i + i}l {x>mi{t) _ V - t} l {x<mi+l{t)+V - t} 



□ 



^ ° e e 1 {x> mi (t)-v / t} 1 {a;<m ! + l(t) + V / t}- 



But, if k > i, then 

g— \/CT0|x-U fe t| J 



{x>mi(t)-Vt} 1L {x<m l + 1 (t) + Vt} ^ c ^{i^ W-v'f} 1 {x<m 1 + i(«)+v / t} 



and similarly, if fc < Z, then 



e 1 {x>m i (t)-V / t} 1 {a;<m ! + 1 (t) + V / t} ^ ° e e 1 {a;>m ! (t)- v^} 1 {^<>n i + i (t)+Vt} 



and the conclusion follows again from the definition of 7. 



(iii) For k G [1, AT], it suffices to prove \\ipkx\ 
equalities are obvious since ipkx(t, x) 



kxx 



Um\\ 



The first two in- 



1 „/,' 



v/7 



^=(x-rrik(t)) and so U^IIloo < ^ll^'ll 



L°° ' 



and similarly HV'feallioo ^ 7 II "0" II _l°o ■ For the last one, we write 



tpk(t,x) = ip 



x- \{x k + x k - 1 ) I n 
-j= 2 Vk Vk - 1 '^ t 



so that 
ip kt (t,x) = 



1 x 

2 _ 



Xk+Xk-l 



t 3/2 



1 / V k + Vk-1 

n v 



V 



(x - m k {t)) 



since supp(-0') = [—1,1]. But for x such that \x — rrik(t)\ ^ V, we have 
and so finally \\^kt\\ L oa < ^ll^'llz-co- 



«S Ct, 



X k +X k _ 1 
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(iv) Since h\ = JDfeLi + 4) ( t )k an< ^ ^ 2 = '^2k=i Vk( t' k nave a similar form, it is clear that 
it suffices to prove the inequalities for h 2 , for example. Moreover, the first inequalities are 
obvious by (iii). Finally, for the last inequality, we write 



\h 2 -v k \{\R k \ + \R kx \) = 



N 



7 - v k 



1=1 



(\R k \ + \R 



kx I 



< v k \cj> k - l\{\R k \ + \R kx \) +J2viM\Rk\ + \R kx \) < Ce-^e-^'-^ 

lyLk 

by (i) and (ii), which concludes the proof. 
Proof of Lemma \3.11\ To compare H\z\ and H[z], we replace z in H[z] by its definition, 

N N 



□ 



1O1, 



fc=i 



fc=i 



dropping the argument A/c for this proof, which would not be a source of confusion since there is 
no time derivative. Hence, we compute 



U[z\ = J d x z-d x z-Imh 2 d x z-z + {hi - \R\ p ~ L )z-l- (p - 1) (Re(Rz)) 2 \R\ 
= J d x z + Y^ (lkd 2 x Q Ck - yW fe Q Cfc + id x Q Ck (f3 k + ^7*) J 
x d x z + (lkd 2 x Q Ck - yWfeQ Cfc - id x Q Ck {Pk + ^Wk) 
- J h 2 Im d x z + ^ (ylkd 2 x Q Ck - ^v k Q Ck + id x Q Ck (f3 k + ^«fc7fc)J 
+ J2{~/ k d x Q Ch - ip k Q Ck )e- i( 



IP-3 



(hi-\R\) 



\z + ^2i"fkd x Q Ck - i/3 k Q Ck ) 



+ J2ilkd x Q Ck + ip k Q Ck )e l 
(p - l)\R\ p - 3 \Re(Rz) -J^Pk lm(R k R) + Ik Re(d x Q Ch e ie "R) 
Developing in terms of z, we find 

H[z\ = J \d x z\ 2 + 2 Re J d x z [lkd 2 x Q Ck - ^v k Q Ck - id x Q Ck (f3 k + ^v k ^ k )^ e 
+ E / (^Q Ck - ^v k Q Ck + id x Q Ch ([3 k + \v klk )\ e i9 * 



-iO k 



1 



x (lid 2 x Q Cl - jv t Q Cl - i9 x Q Ci (A + -v ni ) J e""' 
- [hi / ft 2 9 x 2 • z - Im y • ^2("/kd x Q Ck - iPkQc k )e 



Im J h 2 z-Y, [lkd 2 x Q Ck ~ Y VkQc * ~ id ^c k (Pk + \vklk)\ e~ lBk 

^Im f /j 2 f^Qe* - ^v k Q Ch +id x Q Ch {p k + ~v k y k )\ e l9k ( ni d x Q Cl - t(3iQ Cl ) e -' w ' 
k,l ^ 

J (hi - \R\ v ~ X )\zf + 2ReJ(h 1 - {Rf^z ■ J2(lAQ Ck - ip k Q Ck )e- ie * 
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k,l J 

-(p-1) / |i?r 3 (Re(i?z)) 2 -( P -l) / \Rr 3 J2^ilMR k R)lMRiR) 
•* J k,l 

f \R\ p - 3 Y,^lMd x Q Ck e^RWd x Q Cl e iei R) 

J k,l 

+ 2(p-l) J \R\ p - 3 Re(Rz)Y,PkIm(RkR) 

- 2(p - 1) /" |i?|^ 3 Re(ife) E 7fc Re(d x Q Ck e i8 »R) 

+ 2(p- 1) f \R\ p - 3 Y,hli^{RkR)^{d x Q Cl e^R). 

J k,l 

Now, first remark that lm(R k R) — J2 q ^k ^ m (RkRq), and so, by (12. 4p . all integrals containing this 
term are in (3(e~ 7 *||z||^i). Moreover, still by (|2.4p . all double sums on k,l have their terms in 
0(e _7t ||z||^i) whenever k ^ I. Note finally that all terms composing H[z) appear. Hence, with 
an integration by parts to make d x z disappear, we have 



H[z]= / \d x z\ 2 -lmh 2 d x z-z + {h 1 - \R\ 



P-!M,I 2 



(p-l)|i?r 3 (Re(^))^ + 0(e-^||z||^ 



7*11 ^ll 2 



2^Re|, 



1 



lkd x Q Ck - PkVkd x Q Ck - ~ikV k d x Q 



+i ( -v klk d 2 x Q Ck - P k dlQ Ck + -^v 2 k /3 k Q Ck 



E / (-rk%Q« ~ Y VkQ 

E Im J zd x h 2 (jkd x Q Ck - if3 k Q Ck 
2 Elm/ h 2 ze- id " [lkd 2 x Q Ck - 



+ ( Pk + -^klk ) (d x Q Ck Y 



VkQc k ) - id x Q Ck [ Pk + \v k ^i k 



~E/ h Wk(Pk + \v k -i k ){d x Q Ck f + E / h 2 /3 k Qc k (lkdlQ Ck - Y v kQc k ) 
+ 2Y,RcJ(hi- iRr^ze-^i-fAQc, - i&Q Cfc ) 

+ E/(^ - l^r'JC'yg^QcJ' + ^J 

-(P-!)E / l^r 3 7, 2 Qc fe (^QcJ 2 -2( J3 -l)ERe | |i?r 3 ze-*S fc Q 2 ,AQ Cfc . 

We now use notation zi fc = Re(z~ l9fc ) and z 2 _ k = Im(z~' tek ) again. Moreover, recall that we 
have ||9 x /i2|| i0 o ^ ^= by (iv) of Lemma 1331 and d x Q Ck + Q p . k — c k Q Ck by p.l[l . Thus, we find 

H[z\ =n[z}+0(t-^ 2 \\z\\ 2 H1 ) 

+ E J z i:k{-^ c klkd x Qc k + 2p~/ k d x Q Ck Q p k 1 + 2j3 k v k d x Q Ck + \pkv\d x Q Ck 

- 2h 2 j3 k d x Q Ck - h 2 -f k v k d x Q Ck + 2h x ^ k d x Q Ck - 2^ k d x Q Ck Q p ~ 1 - 2(p- lh/AQckQ?" 1 ] 

(A.l) 
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+ E J z 2 . k [-2-y k v k c k Q Ck + 2^) k v k Q p k - 2f3 k c k Q Ck + 20 k Q p k + \^ k v 2 k Q Ck + 2h 2 j k c k Q Ck 
- 2h 2lk Q p k - h 2 (3 k v k Q Ck + 2h x p k Q Ck - 2f3 k Q p J (A.2) 

+ E J (jkCkQc k - lkQ p Ck - yVfcQc^ + (Pk + ^v k j k ^j (d x Q Ck ) 2 

- E/ h ^k(/3 k + ^v k -/ k )(d x Q Ck ) 2 + ^2 J h 2 p k Q Ck (lkC k Qc k - lkQ p Ck - yffeQcJ 

+ E/ h ^Ud x Q Ck ) 2 + PlQ 2 Ck ]-J2 J QVhl(d*Qc k ) 2 + PlQ 2 Ck } 
E /(p - 1 )7feQ?; 1 (^^) 2 - ( A -3) 

To conclude, we estimate the term (jA.ip involving zi.fc, the term (|A.2|) involving z 2tk , and 
finally the source term (|A.3[) . For (|A. 1|) . we write 

(PEE) = E/ z i,fc7fe9 a; Q Cfc (-2c /£ + y - ta«fc + 2/ii) + 2 E/ z hkPkd x Q Ck (v k - h 2 ), 

and — 2cfc + -# — /i2^fc + 2/ii = 2(h\ — c k — f-) + v k (v k — h 2 ), so that, by (iv) of Lemma \3. 91 we 
have (|A.1J) = 0(e~ 7 *||2:||^i). Similarly, we write 

(E3 = 2 E / z 2.klkC k Q Ck {h 2 -v k ) + 2'Y^ J z 2 . klk Q p Ck (v k - h 2 ) 

f v 2 
+ E / z 2.k/3 k Q Ck {-2c k + ^-~h 2 v k + 2h 1 ), 

and we also conclude that (|A.2[) = 0(e _7t ||z||^i). For the last term, we expand it as 

CO) - E / hikC k Q 2 Ck {h 2 - v k ) + p kl kQ p c t\ v k - h 2 ) + fa lk {d x Q Ck f{v k - h 2 ) 

+ E / ^401 + ilQll + ^vlQl - zficQ* 1 + Pl{d x Q Ck f + \ilvl(d xQck f 



- \h 2l 2 k v k {d x Q Ck f - \h 2 0iv k Q 2 Ck + haKdzQcJ 2 + htplQl - ftQlt 1 -PllQV{d x Q Ck ) 2 . 

Note that the first sum is in 0(e~ 7 *||2;|j^i) as above. Hence, with several integrations by parts 
and using d x Q Ck = c k Q Ck — Q p k , we find 

<D = O(e-^HzH^) + E / l 2 AQl k +llQl P k + ^fv 2 Q 2 Ck - 2 7fc 2 c fc Q£+ 1 - (3 2 k Q Ck (c k Q Ck - Q P J 

- \llv 2 k Qc k {c k Q Ck -Ql k ) + \h 2l 2 k v k Q Ck (c k Q Ck -Q P J- \h 2 p 2 k v k Q 2 Ck 

- hn 2 k Q Ck (c k Q Ck - Q p ) + hifiQ* - PlQ^ + ltQUckQc, - Q p ) 



,,2 



= 0( e - 7t ||z||^)- ^E J ll c kQl k {-2c k + V -^-h 2 v k + 2h 1 ) 

+ \ E / PkQU-tCk + f - h 2 v k + 2h x ) + \ E J ~l 2 k Q p c t\-2c k + V 1~ h 2 v k + 2h,), 

and so we can conclude as above that (|A.3[) = 0(e~ 7 *||z|j^i). Finally, we proved that H[z] = 
H[z] + 0(t- l / 2 \\z\\ 2 Hi ), as expected. □ 
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B Appendix 



We prove here Proposition 13.101 To do this, we first need a lemma quantifying the fact that 
ip almost satisfies a transport equation similar to those satisfied by the solitons. Note finally 
that, since ipt takes values in H~ , all integrals in this appendix may be seen as the dual bracket 

Lemma B.l. There exists C > such that, for all t ^ Tq, \\<p t + h 2 ip x — ^lylljj-i ^ Ce~ 47 *. 

Remark B.2. To find the transport equation almost satisfied by (f, it suffices to compute an 
exact relation for R k with k G [1, NJ. In fact, as 

R k (t, x) = Q Ck (x - v k t - Xk y^-\vit+c k t +lk) ^ 

we have R kt = [-v k d x Q Ck +i{c k - \vl)Q Ck ](\ k )e %9k and R kx = [d x Q Ck + ^v k Q Ck ]{\ k )e ie " , and so 

Rkt + v k R kx -i(c k + ^\ R k = 0. 
Proof of Lemma \B.1\ Let / £ H 1 and compute 

{(ft + h 2 ip x - ihif)f = J(if xx + i\f\ P ~ V + h 2 (p x ~ ihi<f)f 

= i y /.',,;/ • ' J{\ V \ p ~ 1 f~\Rr 1 R)f + J h 2 {f x -R x )f-i fh 1 (cp-R)f 

+ 1 J (R xx + iRf^R - ih 2 R x - htR)f 
= -i j(<p x ~R x )f x + i J(\fr 1 f-\Rr 1 R)f + J h 2 (cp x -R x )f-i J h 1 (<p-R)f 

N . N . 

+ (.Rfm at + \Rk\ p ~ 1 Rk-ih a Rkx-hiR k )f + iY, / ik(|flf° _1 - W -1 )/ 

I + II + III. 



First note that, by f23]), |I| C\\ip - R\\ m \\f\\ H1 ^ Ce- 47 *||/|| ffl . Moreover, by (El, we also 
have | III | ^ Ce~ 47t ||/|| L2 . For the last term, we first compute 

(R k = Q Ch {\ k )e i6 \ R kx = (d x Qc k + ^v k Q Ck ){X k )e' e \ 
[Rkccx = {d 2 x Q Ck +iv k d x Q Ck - ^Qc k )(Xk)e l9k , 

and so, using d x Q Ck — c k Q Ck — Q? k , we obtain 



c fe - - hi ) R k + iv k R kx + -^-R k - ih 2 R kl 



k=l ' 

N r / 2 \ N r 

*E / ( c k + ^-h 1 )R k f + J2 (h 2 -v k )R kx f 
k=i J ^ ' k=i J 



Therefore, by (iv) of Lemma 1331 we also have |II| ^ Ce 47 *||/|| i 2, which concludes the proof of 
Lemma IB. II □ 



Proof of Provosition 1 3. 1 (A First recall that, from Section [3. II the equation of z can be written 

iz t + z xx + \(p + rj + zf^ 1 (ip + rj + z) ~ \(p + r d | p ~ + r 3 ) = -CI, 
where rj(t,x) = A j e- e ^ t Y+ {t, x) and fl satisfies ||Q|| K1 s$ Ce-^ +4 ^ t by Lemma fO 
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From the definition of H (13. f 4[) . we now compute, using integrations by parts, 
H'(t) = 2Re y z fa z x -2Re / (<p + rj + z) t \tp + r 3 + z\ p ^{Tp + rj + z) 
+ 2 Re / \ v + r j \\ip + r j \ v - l {rp + rj) 
+ 2(p-l)Re J { V + r ] ) t \i P + r 3 \ p -\^ + r-)Re[{Tp + r-)z] 
+ 2 / \p + r J \ p - 1 Re[(p + rj) t z} + 2 J \<p + rtf' 1 Re[(</3 + rj)z t ] 

h\t\z\^ + 2 Re / h\z t z — Im / h 2t z x z — Im / h 2 z tx z — lm / h 2 z x z t 



-2 Re / z t 



z ra + |</2 + ^ + z| p 1 (<,£> + ^ + z) - | </> + r J -| p + 

~ 2Rc j {<P + r i)t \ i P + r j + z\ p ~ 1 (7p + rj+ z) 

— \ip + Tj\ p 1 (Tp + rj + z) — (p — I )\p + rj\ p 3 (lp + rj)Rc[(lf + rj)z 
+ 2Re J h lZt z + 2lm J h 2 z x z t+ lm [ h 2x z t z + [ h u \z? - Im [ h 2t z x z 
But from (iv) of Lemma \JM we have ||/iit|| L 

h lt \z\ 2 - Im / h-2i :., : 
Moreover, by expanding |<^> + rj + z\ p 1 = 



l^tllioo ^ and so 



^11*. 



P-l 

rj + z\ 2 ] 2 , and as H^ji II r «■ ^ Ce~ ejt , we have 



-2 Re / r jt 



-4 7 *IU||2 



2 Be <pt 



\<p + rj + z\ p 1 (ip + r + z) — \ip + rj \ p 1 (ip + r + z) 

~{p - !)k + rjf 3 (<p + rj)Re[(^ + rj)z 
Hence, replacing z t by its equation, we find 

H'{t) = -21m / fl \z xx + \<p + rj + zf~ l {ip + rj + z) - \<p + rj\ p ~ l {tp + rj) 
\(p + rj + + rj + z) 

— \ip + rj\ p 1 (p + rj + z) — (p — l)\ip + rj\ p ~ 3 (Tp + rj) Re[(p + rj)z 

— 21m J h\ZZ xx — 21m / hiz[\p + rj + z\ p 1 {p + rj + z) — \p + rj\ p 1 (p + rj)) 

- 2 Im/ h^z + 2 Re / ft,**. + Re / h 2x zz xx + Re J (2h 2 z x + fc^O 
-2 Re / M[|9J + rj + af _1 (<p + rj + z) - |</? + rj| p_1 (^ + r,-) 

R<< i h 2x z \p + rj + zf^ip + r^ z)-\p + r j \ p ~ 1 {p + r ] )\+0{t- 1/2 \\z\\ 2 Hl ) 



H 1 ■ 



We can already estimate several terms in this expression. For the first term, for example, we have, 
by an integration by parts, 









— 21m J Qz xx 




21m J fl x z x 



<C\\Sl\\ Hl \\z\\ Hl ^Ce^ + ^\\z\\ 



H 1 ' 



2G 



Similarly, we have 



-21m / CI 



\(p + rj+z\ p 1 (ip + Tj + z) — \ip + rj\ p L (ip + r 3 ) 



<; C e -fe+47)t|| z || 



— 21m /" ft-iilz + Re / (2h 2 z x + h 2x z)n 
Then, another integration by parts gives 



< Ce- ( ^ +47)t ||z|| 



-2Imy hl zz xx = 2Im J h M + 2ImJ h lx zz x = 2lm J h lx zz x , 

and so, as ||/ii a || ioo ^ H= by Lemma l3.9l |— 21m J h\zz xx \ ^ ^||z|j^i. As we also have ||/i2x|lx,oo ^5 
-^=, we can estimate 



Re / h 2x z 



\ip + Tj + zf (<p + Tj + z) — \ip + rj\ p 1 (ip + r : j) 



Finally, we can also estimate 

2 Rejh 2 z x z xx + Rejh 2x zz xx = - / h 2x \z x f - Re / z x (h 2xx z + h 2x z x ) 



2 / h 2x \z x \ — Re / /l2aa; 



Indeed, since \\h 



< -£ by Lemma 1X^1 we have 



2 Re / h 2 z x z xx + Re I h 2x zz x 
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Gathering all previous estimates, we have proved that 



l -H'(t) = I + II + III + OCe-^+^'IMU) + 0(t- 1/2 ||z||^). 



where 



I = Re / /i2Z 
II = Im J h\z 
III = Re [ 



\tp + rj+z\ p (<p + rj + z) - \ip + rj\ p 1 (ip + r j ) , 

- X 

\<P + r 3 + zf^if + r i + z) ~ \<P + rj| p_1 (<p + r 3 ) , 
|y> + Tj + z\ p 1 (7p + TJ + z) — \(p + r-j^^ilp + TJ + z) 

(p - l)\tp + r 3 \ p ~ 3 (Tp + Tj)Rc[{Tp + Tj)z] . 

The purpose is now to make appear quadratic terms in z in these expressions. For II and III, we 
simply write 



II = — Re / ih\z 

and 

III = Re / <pt 



\<p + Tj\ p 1 z+(p-l)(ip + r j )\<p + r j \ p -*Re[(9+ 1 rJ>} + 0(||z||^) 



P-3 - 



; ' " ' ^zflv + rj? 3 (^ + r-) + (p-l)z|^ + r,| p 3 Re[(^ + r-)z] 



+ fr 1KP 3) (Re[( _ + _ )z])2|y + r _ |P _ 5( _ + _ ) 



0(11*1 



H 1 / 
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For I, we have to compute 

I = Rc J ^2 {(p- l)\ip + rj + z\ p ~ 3 Re[(ip + r 3 +z) x (7p + rj+ z)](ip + rj + z) 

+ \<p + T j + z\ p -\<p + rj + z) x - (p - l)|p + r,r 3 Bc[{tp + rj) x (<p + r])](<p + r 3 ) 

-k+^r _1 (^+^) x } 

= R c y ^{(p-lJM^ + ^Uv + fjJK^ + rj) [|^ + r j +^| p - 3 -|^ + r j | p - 3 
+ (p- l)^|<P + ^j + z l p_3R - c [(^ + r j) a; (^ + 7 7) + (v + ^Ox^ + ^x(^ + r7) + 

+ (p- l)(v? + rj)|v? + rj +z| p_3 Re[(^ + r i ) :E z + z :l; (^ + 77) + z x z] 
+(¥> + fj) a . [l^ + rj + *| p_1 - Iv + rjl" -1 ] + l^ + rj + *| p_1 *s} 
= Rc y zfe 2 {(p - l)(p - 3)|^ + r, r 5 (<^ + rj -) Re[(^ + r 3 ) x {Tp + rj)} Re[(^ + rj)z] 

+ (p - 1)^ + r,f ~ 3 Re[( V + r 3 ) x (ip + rj)} 

+ (p- l)(v> + rj)\<p + r,| p ~ 3 Re[(<p + r 3 ) x z + z x (Tp + rj)] 

+(p - \)[ip + r,-)> + r 3 r 3 Re[(lp + rj)z] + \<p + r^z*} + 0(\\z\\ 3 H1 ). 

In the last expression, we integrate by parts the following two terms. First, we have 
Rc J zh 2 ■ (p- l)(tp + rj)\tp + rj\ p ~ 3 Rc{(tp + rj) x z + z x (Tp + rj)} 



= (p-l) J Re[z{Tp + r])]Re[z{Tp + r])) x h2\y + : 



IP-3 



P-1 



(Re[((^ + r 3 >]) ^Iv + rjl 



P-3 



(p-l)(p-3) 



| (Rc[(^ + f-)z]) 2 1^ + r, r% Rc[(^ + rj ) x {Tp + 77)]. 



Second, we have similarly 
Re y zh 2 z x \ip + r j \ p ~ 1 = ~ J 

= ~\J \ z \ 2h 2xW + r 3 \ 



h 2x \ip + r 3 \ p 1 + h 2 (p- l)\y + r 3 \ p J Rc{(ip + r 3 ) x (tp + rj)] 



P-3 



Therefore, as ||/i2x||z,oo ^ we have obtained 

- l -H\t) = 0{e-^+^\\4m) + 0(t-^\\z\\ 2 H1 ) + 0(\\zf H1 ) 

+ (p-l)(p-3) /■ (Re[( _ + _^ ])2b + r . r 5 /i2Re[( ^ + r . );c( _ + _ )] 



+ 



p-1 



/i 2 |z|> + r,f 3 Re[(^ + r,)^ + r-)] 



+ (p-1) Re /" 2/12(93 + rj)xk + ^r 3 Rc[(^ + ?7)z] 
(p-l)(p-3) 



+ 



Re / <p t (Re[(7p + r-)z]y\<p + r 3 \ p 5 (^ + rj) 



+ (^) Re / ^zfW + r^^ + r-) 
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+ (p— l)Re / <^ t z|( ( 5 + r : ,-| p_3 Re[(^ + rj)z] 
-(p-l)Re J ih\z{ip + rj)\<p + rj\ p ~ 3 Re[(<^ + ¥J)z}. 
Finally, collecting similar terms in a single integral, we get, as H^Hm ^ Ce~ ejt , 
-ii7'W = 0( e -^ w ||z|| H1 ) + 0(<- 1 / 2 ||z|| 2 ffl ) + 0(||z|| 3 ffl ) 



(p-l)(p-3) 



Re / ^|^ + rj| p °(Re[(y; + r,-)z]) ip t + h 2 tp x ~ ih x ip 



p-1 



(fit + h 2 ip x - ih X Lp 



Re / \z\ <p\cp + rj 



+ Re / z\Lp + r \ p 3 Re[(ip + r )z] cp t + h 2 (p x - ih\ip 

= 0(e-^ + ^ t \\z\\ Hl ) + 0(t-^\\z\\ 2 Hl ) + 0(\\zf Hl ), 

since \\ipt + h 2 <p x — ^ivIIh-i ^ Ce~ 47t by Lemma IB . 1 1 and the three terms in front of (fit + h 2 ip x — 
ih\(fi are bounded in H 1 by H^H^i, which concludes the proof of Proposition 13. 101 □ 



References 

T. Cazenave and F. Weissler. The Cauchy problem for the critical nonlinear Schrodinger 
equation in H s . Nonlinear Analysis, 14(10):807-836, 1990. 

V. Combet. Multi-soliton solutions for the supercritical gKdV equations. To appear in 
Communications in Partial Differential Equations. 

R. Cote, Y. Martel and F. Merle. Construction of multi-soliton solutions for the L 2 - 
supercritical gKdV and NLS equations. To appear in Revista Matematica Iberoamericana. 

T. Duyckaerts and F. Merle. Dynamic of threshold solutions for energy-critical NLS. Geo- 
metric and Functional Analysis, 18(6):1787-1840, 2009. 

T. Duyckaerts and S. Roudenko. Threshold solutions for the focusing 3d cubic Schrodinger 
equation. To appear in Revista Matematica Iberoamericana. 

J. Ginibre and G. Velo. On a class of nonlinear Schrodinger equations. I. The Cauchy problem, 
general case. Journal of Functional Analysis, 32(l):l-32, 1979. 

M. Grillakis. Analysis of the linearization around a critical point of an infinite dimensional 
Hamiltonian system. Communications on Pure and Applied Mathematics, 43(3):299-333, 
1990. 

M. Grillakis, J. Shatah and W.A. Strauss. Stability theory of solitary waves in the presence 
of symmetry. I. Journal of Functional Analysis, 74(1):160-197, 1987. 

Y. Martel. Asymptotic N-soliton-like solutions of the subcritical and critical generalized 
Korteweg-de Vries equations. American Journal of Mathematics, 127(5):1103-1140, 2005. 

Y. Martel and F. Merle. Multi solitary waves for nonlinear Schrodinger equations. In Annales 
de ITnstitut Henri Poincare/ Analyse non lineaire, volume 23, pages 849-864. Elsevier, 2006. 

Y. Martel, F. Merle and T.-P. Tsai. Stability in H 1 of the sum of K solitary waves for some 
nonlinear Schrodinger equations. Duke Mathematical Journal, 133(3) :405-466, 2006. 



29 



[12] F. Merle. Construction of solutions with exactly k blow-up points for the Schrodinger equation 
with critical nonlinearity. Communications in Mathematical Physics, 129(2) :223-240, 1990. 

[13] G. Pcrclman. Some results on the scattering of weakly interacting solitons for nonlinear 
Schrodinger equations. Math. Top, 14:78-137, 1997. 

[14] G. Pcrclman. Asymptotic stability of multi-soliton solutions for nonlinear Schrodinger equa- 
tions. Communications in Partial Differential Equations, 29(7):1051-1095, 2004. 

[15] I. Rodnianski, W. Schlag and A. Soffer. Asymptotic stability of N-soliton states of NLS. 
Preprint. 

[16] M.I. Weinstein. Modulational stability of ground states of nonlinear Schrodinger equations. 
SIAM Journal on Mathematical Analysis, 16(3):472-491, 1985. 



30 



